Let M be a complex manifold of dimension n and let £2 be a domain in C" . Let /: M -► Í2 be a holomorphic map which is an isometry for the infinitesimal Kobayashi metric at one point. We given conditions on M and on ÍJ which imply that F must be a biholomorphic map.
Introduction and statement of results
The purpose of this paper is to prove the following theorem:
Theorem. Suppose M is a taut complex manifold of dimension n . Suppose Q is a strictly convex bounded domain in C". Suppose F : M -► Q is a holomorphic mapping which is a Kobayashi isometry at a point p e M. Then F is biholomorphic.
This theorem is in a sense dual to the following result of Vigué [12, Theorem 3.1]:
Theorem (Vigué) . Suppose Í2 is a bounded convex domain in C" and suppose M is a complex manifold on which the Carathéodory pseudodistance is a distance. Suppose F: Í2 -► M is a holomorphic mapping which is a Carathéodory isometry at a point p e Q. Then F is biholomorphic.
Vigué himself proved a result along the lines of ours [12, Theorem 4.3] , but with a much stronger assumption on the domain of the mapping (the set of holomorphic maps from the unit disc to M which realize the Kobayashi length of some vector £, e 7 M should fill up M ). However, his assumptions on the range of the mapping are weaker-for example, convexity rather than strict convexity is sufficient.
Our proof makes use of the properties of extremal maps for the Kobayashi metric on strictly convex domains established by Lempert [5] .
Definitions and basic facts
In this section we recall some well-known definitions: Let M be a connected complex manifold. Let D be the unit disc in C. Let p e M, and let Ç eT M. The Kobayashi length of <* is (2.1) K(p;Ç) = inf{|v| \v e TQD and there exists a holomorphic map 4>: D-> M such that <p(0) = p and d<j>0(v) = £,}.
By the well-known work of Royden [8] , if the Kobayashi length of a parametrized piecewise-smooth curve y : [a , b] -► M is defined by lK(7)= f K(y(t);y'(t))dt, Ja then the formula K(p ,q) = inf{IK(y)\y joinsp to q} gives the Kobayashi distance, or rather pseudo-distance, between p and q. (Kobayashi originally gave a different construction [3] .) M is called hyperbolic if K(p ,q) > 0 whenever p ^ q, and complete hyperbolic if K( , ) is a complete metric. M is called taut [ 14] if whenever N is a complex manifold and <f>■. : N -> M is a sequence of holomorphic mappings, then either there exists a subsequence which is compactly divergent or a subsequence which converges uniformly on compact subsets to a holomorphic map <f>: N -► M. It sufficies that this condition should hold when N = D in order for M to be taut [1] . Also a complete hyperbolic manifold is taut, and a taut manifold is hyperbolic. If M is taut the infimum in (2.1) is always assumed for some mapping tf>. Any such <f> is said to be extremal for K(p ; £).
With c; e T M as before, the Carathéodory length of £ is
Similarly we define lc(y)= [ C(y(t);y'(t))dt Ja and C(p , q) = inf{/c(y) | y joins p to q}.
The Carathéodory pseudo-distance is defined by
where p is the Poincaré distance. In general, C(p ,q) < C(p ,q), and strict inequality is possible. When appropriate we shall indicate the manifold on which we are considering these metrics by a subscript, e. This definition is due to Vesentini [10] . It is worth remarking on its relation to the concept of "metrische Ebene" or metric plane as used by Carathéodory and Reiffen. Carathéodory [2, p. 103] , working primarily on the bidisc, defined a metrische Ebene to be a one-dimensional submanifold A of M such that CA(p ,q) = CM(p ,q) for all p ,q e A . Reiffen [7, p. 19] , working on general complex manifolds, explicitly added the requirement that A should be biholomorphic to D and characterized such objects as holomorphic retracts of M. Thus a metrische Ebene is precisely the range of a complex geodesic.
Of course, complex geodesies need not exist for a given complex manifold, but if they do exist they have strong properties [10] . In particular, Vesentini observed that if a holomorphic map <f>: D -» M is a Carathéodory isometry at one point zQ, then <j> must be complex geodesic. This implies the following fact, which was exploited by Vigué [12] in proving the theorem quoted above: if F : M -> N is a holomorphic mapping between complex manifolds which is a Carathéodory isometry at a point p e M, and if tf>: D -► M is a complex geodesic passing through p , then F otj) is a complex geodesic passing through F(P)-Similarly, a complex geodesic for the Kobayashi metric is a holomorphic map </>: D -► M which is an isometry (globally) for the Kobayashi distance [10] . A holomorphic map </>: D -► M which is extremal for some K(p\£) need not be a complex geodesic for the Kobayashi metric, but it is if M is a convex bounded domain in C" [5, 9] . In this case, when dM is smooth the boundary values of extremal maps were characterized by Lempert [5] (see also Royden and Wong [9] ); with this additional characterization extremal maps for the Kobayashi metric are called stationary maps in this context.
A complex geodesic for the Carathéodory metric is a complex geodesic for the Kobayashi metric, and C( , ) -C( , ) = K( , ) along its image [10] .
Finally, we recall that a domain Q c C" is called strictly convex if whenever L is a closed line segment such that L c fi we have L° c Q.
Extremal maps for the Kobayashi metric on M
We first suppose that M is taut and that Q is a bounded convex domain in C" (rather than strictly convex). We suppose that F: M -* Q is a holomorphic map which is a Kobayashi isometry at p e M. Under these conditions we have Proof, (a) Since F is a Kobayashi isometry at p, F o (f> is extremal for Ka(F(p);dF (£)). Hence by the work of Lempert [5] and Royden and Wong [9] , F o <j) is a complex geodesic. The distance-decreasing property shows that <j) itself must be a complex geodesic. If {z } c D is a sequence such that \Zj\ -> 1, then K(p , 0(z)) = p(0 , z) -> oo. This shows that </> is proper. The face that r/> is an isometry similarly implies that it is 1-1 with nonvanishing differential. 6 e R such that Fo^ (e'ez) = F o <¡>2(z) for all zgD [5] . In the first case we must have <¡>x (D) n <j>2(D) = {p} since 0 and F o <¿. are isometries, j -1,2.
In the second case we have <f>x(e z) = <t>2(z) in a neighborhood of 0 (since F is biholomorphic in a neighborhood of p ), hence everywhere in D by analytic continuation.
A Property of complex geodesics
Proposition 2. Let M be a taut complex manifold. Let S (resp., T ) be the set of points which can be joined to a point p e M by a complex geodesic for the Kobayashi metric (resp., by a complex geodesic for the Carathéodory metric). Then S (resp. T) is closed in M. Since Af is taut and <f> (0) = /? for all y there is a subsequence, which we again denote by <f>., and a holomorphic map 4>: D ^ M such that ¿. -* f/J uniformly on compact subsets. Since K(p ,p) < oo it follows that {K(p ,Pj)} are bounded, hence that {'',}Z1 lies in a compact subset of Z). A subsequence of the {/.} , which we again denote by {/■} , tends to r < 1 . It is easy to see that </> is a complex geodesic and that </>(/■) = p . Mutatis mutandis we obtain the same result for T. 
